Synchronization of a spiral by a circularly polarized electric field ͑CPEF͒ in reaction-diffusion systems is investigated since they both possess rotation symmetry. It is found that spirals in different regimes ͑including rigidly rotating, meandering, and drifting spirals͒ can be forced to be rigidly rotating ones by CPEFs. Moreover, the rotational frequency of the entrained spiral is found to be synchronized with the frequency of the electric field in a ratio of 1:1.
rotation have been observed for spiral waves, which can be characterized by the trajectory described by the spiral tip. 6, 7 The simplest case is a periodic regime called rigid rotation with a spiral tip moving along a circle. Meandering spiral waves generally appear in two types called outward meandering ͑spiral tip moving in epicycloidlike orbits, i.e., flowerlike orbits with inward petals͒ and inward meandering ͑hy-pocycloidlike orbits, i.e., flowerlike orbits with outward petals͒, respectively. An important aspect of studies concerns the deliberate control of the dynamical behaviors of spiral waves since these structures can be viewed as topological defects and may act as pacemakers emitting waves into the excitable system.
Recently, the impact of periodic forcing on spatially extended systems of oscillators has been investigated [8] [9] [10] since all realistic media are embedded in some environment and thus undergo external forces and fields. Neglecting the spatial degrees of freedom, such systems can be considered as periodically forced nonlinear oscillators. Depending on the values of the two external control parameters, the forcing amplitude and the forcing frequency, a nonlinear oscillator may become entrained by the external stimulus, a phenomenon commonly referred to as frequency locking. The frequency-amplitude plane shows tongue-shaped bands of resonance ͑"Arnold tongue"͒ in which the frequency of the entrained oscillator is rationally related to the frequency of the external force. Periodic forcing and entrainment of single oscillators are well understood and have been investigated in the context of many different systems. 11 By means of periodic modulation of excitability, the entrainment bands of meandering spiral tip trajectories in spatially extended excitable media are also observed, with the broadest band around the modulation period T m = T p ͑T p is the period of one petal of the meandering spiral tip trajectories͒. [12] [13] [14] [15] [16] [17] Note that in this case the spiral tip is still meandering under the external periodic modulation with one petal corresponding to one external period. Grill et al. 18 observed similar petalsynchronization of the tip motion by feedback stimuli if the measuring point is placed close to the center of the unperturbed meandering trajectory. On the other hand, the suppression of spiral meandering can also have a practical meaning since strongly meandering spirals break down, producing new interactive vortices that evolve into spatiotemporal irregularity, e.g., fibrillation. Braune et al. 19 forced a meandering spiral into the regime of rigid rotation with periodic illumination at a period approximately twice as that of spiral rotation. Recently, Schlesner et al. 20 proposed a feedbackmediated method to suppress the meandering of spirals.
Electric field has been widely employed to control the behaviors of spiral waves in reaction-diffusion systems ͑for examples, see Refs. 21-24͒. Both dc and ac ͑with the frequency being twice that of the spiral frequency͒ weak electric fields can induce the drift of spirals. From the view that spiral waves rotate around its center possessing rotation symmetry, it will be interesting to investigate spiral behavior influenced by a circularly polarized electric field ͑CPEF͒ that also possesses rotation symmetry. 25, 26 To our knowledge, the synchronization phenomenon between spiral and electric field was not reported in previous studies. In this paper, we will study the synchronization of spiral waves by CPEFs; spiral waves in different parameter regimes will be investigated.
A two-variable reaction-diffusion model is applied to describe the propagation of spiral waves in the presence of a CPEF,
Here, u and v are the activator and the inhibitor variables, respectively; the kinetic parameter is the ratio of their tem- 25, 26 Thus, the spiral waves may be influenced by the spatially uniform, time-periodic rotating CPEF. Note that its rotation direction is the same as that of the studied spiral ͓see Fig. 1͑a͔͒ . In our numerical simulations, a modified FitzHugh-Nagumo model 27 is considered, where
. a and b are two parameters. The spiral dynamics is investigated by varying and fixing a = 0.84 and b = 0.07. Discretizations with ⌬x = ⌬y = 0.3906 and ⌬t = 0.02 have been used in Euler scheme. The simulation is performed on a system 100ϫ 100 size with no-flux boundary conditions. The origin in this system is located in the lower-left corner.
First, we explore the control of rigidly rotating spiral waves at = 0.04 by varying the period and the amplitude of the CPEF, with major concern focusing on synchronization. In Fig. 1͑a͒ , the schematic drawing of spiral tip and CPEF is shown. Without coupling, the angle difference tip − E is changed with time ͓see inset of Fig. 1͑b͔͒ since their rotational speeds are different ͑T E = 4.25Ͼ T 0 = 3.82; T 0 is the natural period of the spiral͒. When a CPEF is applied to the system, it does modulate the dynamics of the spiral; differing from that in the inset, the plotted angles with evolution of time in Fig. 1͑b͒ are two parallel lines apparently, which illustrates a constant value of the angle difference. This means that the tip motion is synchronized by the rhythm of CPEF, i.e., the spiral rotates synchronously with the CPEF.
One example of synchronization is shown by the trajectory of the spiral tip in Fig. 2͑a2͒ . Comparing with the orbit without control ͓Fig. 2͑a1͔͒, one can see that the spiral controlled by the CPEF is still rigidly rotating instead of drifting or meandering and the radius of the trajectory is increased. In Fig. 2͑a3͒ , it is distinct that the period of the forced spiral is increased after a short transition as the CPEF is switched on at t = 100, i.e., from initial T 0 = 3.82 to T 0 = T E = 4.25. Figure 3͑a͒ shows the synchronization region of a rigidly rotating spiral by a CPEF in the ␥ − E plane. It is difficult for the spiral to be synchronized by the CPEF if the CPEF rotates too fast or too slow. Only when the rotational frequency of the CPEF is in the vicinity of that of the spiral does the spiral tunes its frequency to be synchronized with the CPEF. Thus, for fixed amplitude, there exist upper and lower critical frequencies beyond which the synchronization cannot occur any longer. For ␥ = 0.65, the upper critical value is E / 0 = 1.1 and the lower 0.88; 0 =2 / T 0 is the natural frequency of the rigidly rotating spiral. The root of the synchronization region corresponds to the value of the modulation frequency E = 0 . In the limit of small amplitudes of the CPEF, the synchronization is observed in a very narrow interval of modulation frequencies around 0 . The increase in the amplitude strengthens the coupling, and thus the width of the synchronization band increases with the modulation amplitude ␥. Outside this synchronization region, the spiral meanders. Now, let us divert our attention toward the control of meandering spirals. Undergoing a super-critical Hopf bifurcation at = 0.06, a second frequency is introduced and the spiral waves are quasiperiodic, corresponding to meandering spiral dynamics. 28, 29 As a consequence, the Euclidean symmetry of the tip trajectory is broken from a simple circle to a hypocycloid or epicycloid. The tip coordinates are represented in this meandering regime as a superposition of two circular motions with radii r 1 and r 2 In Figs. 2͑b1͒ and 2͑c1͒ , two cases of tip trajectories without control at = 0.062, 0.071 are presented. After a suitable CPEF being applied to the system, the meandering trajectory can be forced to be a rigid circle. From Figs. 2͑b2͒ and 2͑c2͒, one can see that the tip meandering is successfully eliminated. Note that the rotation direction of the CPEF is consistent with that of the primary circle ͑the petal͒ of spiral tip trajectory with radius r 1 . For a hypocycloid ͑inward meandering͒, the rotation of the primary circle with radius r 1 has the opposite direction with respect to the secondary circle with radius r 2 . From the evolution of T 1 with time in Figs. 2͑b3͒ and 2͑c3͒ , we observe that the value of T 1 will be changed to T E after the CPEF is switched on, which indicates the vanishing of the secondary frequency. At = 0.066, numerical simulations show that T p = 4.28 and T 1 = 4.89. In Fig. 3͑b͒ , we give the synchronization region of a meandering spiral by a CPEF in the ␥ − T E plane. Inside the synchronization region, the meandering spiral is forced to be a rigidly rotating one, which differs from the broadest band in Refs. 12-17 where the meandering behaviors are not suppressed and the synchronization occurs between the external modulation and one petal of the trajectory. From Fig. 3͑b͒ , one can see that the observed synchronization region is not a cusp at ␥ = 0 but there exists a critical amplitude ␥ Ӎ 0.15 only beyond which the secondary frequency may be suppressed and the spiral tip move along a circle. In other words, too weak CPEF cannot eliminate the secondary circle with radius r 2 . Inside the synchronization region, an interesting character is that most of the controllable region fall into the regime from T p = 4.28 to T 1 = 4.89.
For Ն0.0715, the strongly meandering tip will lead the spiral to break up, which is caused by the Doppler effect on the traveling waves. Spiral waves near the spiral tip break, and the system spontaneously generates new spiral tips. This process continues until the whole system is filled with defects. Thus the asymptotic state of the system is a state of spatiotemporal turbulence. 27, 31 The controlling approach to prevent spiral breakup is still poor and open, although various methods to control two-and three-dimensional spiral turbulences have been brought forward. [32] [33] [34] [35] [36] [37] [38] [39] Then, an interesting question is raised naturally: can CPEFs prevent spiral breakup? We employ the CPEF on the system in the following process: first, we develop a meandering spiral at = 0.071; second, we apply the CPEF on the system and then increase with small step 0.0005. In any step, the pattern is developed for a long time before a new step of . The period of the CPEF is fixed to 5.0, that is, in the vicinity of T 1 at = 0.071. For the growing Doppler effect on the spiral waves, it is obvious that the breakup of the spiral is unavoidable at = 0.0715 without control. The numerical results show that the spiral is remarkably modulated and can be forced to rotate rigidly after a CPEF is applied according to the process mentioned above. Figure 4 displays the phase diagram in the parameters plane spanned by ␥ and , which shows three regions, namely, "R," "M," and "B," respectively. The CPEF with a suitable ␥ ͑0.05Ͻ ␥ Ͻ 0.85͒ can weaken the meandering of the spiral tip; therefore, the breakup of spiral can be prevented ͑see region M͒. Since the breakup of spiral waves is due to strong meandering of the spiral tip, forcing meandering spiral to rigidly rotating spiral makes sure that spiral breakup does not occur ͑see region R͒. Too weak CPEF ͑␥ Ͻ 0.05͒ cannot prevent tip from strongly meandering, and thus the spiral will break up ͑see the left side of region B͒. In Ref. 40 , it was shown that strong ac electric fields may induce the breakup of spiral waves. So, too strong CPEF ͑␥ Ͼ 0.85͒ cannot prevent the spiral from breaking up ͑see the right side of region B͒. Therefore, for successful suppression of the breakup of spiral waves, the amplitude of the CPEF should be chosen suitably ͑the optimal amplitude is around ␥ = 0.5͒. For larger ͑the spiral tip meanders more strongly͒, it is more difficult to prevent the spiral tip from strongly meandering. Correspondingly, region R becomes narrower and narrower and it vanishes at = 0.085, and region M disappears at = 0.086. In one word, when we add the CPEF to the system, region R is notably extended, i.e., from = 0.06 to = 0.085, and region M is also extended until the spiral breaks up at = 0.086. To check whether our results are sensitively model independent, we also study the influences of CPEFs on spiral waves in the two-variable Oregonator model for the BZ reaction,
where the variables u and v describe the concentrations of the autocatalytic species HBrO 2 and the catalyst, respectively. D u and D v are diffusion coefficients; M u and M v are ion mobilities; and , f, and q are parameters related to the BZ kinetics. Parameter f measures the threshold for excitation relative to the amplitude of uniform excitation. Thus, varying f changes the behavior of one excitable medium into another. 42 We explore spiral waves behaviors in different regimes of f ͑from f = 1.4 to f = 3.55͒ with the other parameters being fixed. For f = 1.4, the resulting spiral shows rigid rotation, which can be seen from the corresponding trajectory in Fig.  5͑a1͒ . In this case, a suitable CPEF with period around that of the spiral can lead to synchronization. In Fig. 5͑a2͒ , one example of the forced spiral shows a circle of its tip with modulated period rigorously being equal to that of the CPEF ͑from T 0 = 3.2 to 3.36͒. Increasing f to 3.2 leads the spiral's tip to meander. As a result, the orbit of the tip is then a hypocycloid, with its primary period T 1 = 5.23, which is displayed in Fig. 5͑b1͒. From Fig. 5͑b2͒ , one can see that the meandering spiral is forced to be a rigidly rotating one by a CPEF, with its period T E = 5.0 being in the vicinity of T 1 and with its rotation direction being the same of that of the primary circle. For f = 3.42, the meander pattern becomes a straight line with petals at regular interval ͓Fig. 5͑c1͔͒. The drifting spiral shows periods with T 2 = ϱ and T 1 = 5.66. When the CPEF with period T E = 5.65 is applied, the drift behavior of the spiral is destroyed and the spiral tip is localized by the CPEF ͓Fig. 5͑c2͔͒. The period of the spiral is modified to be equal to that of the CPEF ͑namely, synchronization͒, and the radius of the orbit is approximately equal to that of the primary circle of the drifting spiral. When f is increased a little bit further, the drifting spiral is replaced by the outward meandering spiral. Then, the primary circle revolves around the second circle with the same rotation direction. In Fig. 5͑d1͒ , we present a typical trajectory of spiral tip in this regime. Again, the meander is suppressed by a suitable CPEF, which is shown in Fig. 5͑d2͒ . When f is increased to 3.55, the meander pattern shrinks to its minimal size; the spiral rotates rigidly again. Similar to the case at f = 1.4, the synchronization occurs, which can be seen from Figs. 5͑e1͒ and 5͑e2͒. In this series of runs, one can see that the synchronizations between CPEF and different spirals are realized. Note that for all the spirals, including rigidly rotating, meandering, and drifting spirals, synchronization requires the same rotation direction between the spiral and the CPEF.
In conclusion, we have studied the synchronization of spiral waves by CPEFs in a reaction-diffusion model in the light that both spiral waves and CPEFs process rotation symmetry. When the CPEF and the rigid spiral rotate in the same direction, the spiral can be synchronized by the CPEF accompanied by a constant value of the angle difference. The synchronization region depending on the amplitude and the frequency of CPEF is observed. In the meandering regimes, the spiral can be forced to a rigid one under the condition that the period of the CPEF is fell into the regimes between T p and T 1 and the corresponding synchronization region is presented. The breakup of spiral can also be prevented by CPEFs, and a phase diagram describing the controllable region is given. Similar results are also observed in the Oregonator model under different regimes, including rigidly rotating, meandering, and drifting spirals.
The controlled dynamics of spiral waves is important for many applications, e.g., for the defibrillation of cardiac tissue, since strongly meandering spirals break down, producing new interactive vortices that evolve into spatiotemporal irregularity, e.g., fibrillation. In order to understand or control the dynamics of a spiral, many experiments have been performed. 12, 19, 21, 22 Here, we would like to emphasize some advantages of the present approach in experiments and practical operations. First, electric fields applied merely in x-axis ͑or y-axis͒ have been employed to control the behaviors of spiral waves in experiments, 21, 22 and thus CPEFs ͑two ac electric fields perpendicular to each other͒ are convenient to be realized experimentally. Second, several spirals may coexist, such as cardiac muscle and BZ reaction. Since CPEF is spatially uniform, it can control the dynamics of different spiral tips in the same way, and thus it may realize the control of multiple spiral waves. Third, since the FitzHughNagumo model and the Oregonator model catch the general feature of excitable media, our method is expected to be applicable for controlling spiral waves of excitable systems in wide fields, e.g., chemical reaction systems and neural network systems besides the cardiological ones.
